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Using the Gaussian effective potential approach, <p6 soliton solutions at finite temperature are 
studied for both the general case and the particular case x2 = 2 £ m2. A critical temperature is found 
at which soliton solutions cease to exist. The effective potential together with the mass-gap equation 
are studied in detail, and comparison with existing work on this subject is made. 

1. Introduction 

Solitons at finite temperature have been studied by 
several authors [1-5]. Su et al. studied soliton solu-
tions for (p* [1] and (p6 [2] fields at finite temperature 
using the method of coherent state and the real time 
green function formalism. Kuczynski and Manka 
also studied the soliton solution for cp3 + cp4 fields us-
ing the Bogoliubov inequality [4], In this paper we 
report the results of our study of the (1 + 1) dimen-
sional real cp6 solitons at finite temperature using the 
Gaussian effective potential (GEP) method. The moti-
vation for this work is that the <p6 field is of consider-
able interest because it may have three vacua (two real 
and a false one). Our work can be considered as an 
extension to our previous work on <p4 solitons [5]. 
Roditi [6] has discussed the cp6 field in the context of 
G E P but did not in particular discuss the q>6 solitons. 
Also the mass gap equation was not at all considered 
by Roditi. Our normalization is also different from 
that of [6]. As far as the work of Su et al. [2, 3] is 
concerned, the effective potential in their work is quite 
different from that studied by us as they have not 
considered the contribution of the kinetic part. Also, 
in our opinion their normalization for the effective 
mass is not rigorous. This will be discussed later on. 
Apart from its simplicity, the GEP method has several 
advantages. It contains the one loop and the I/AT re-
sults as limiting cases. 

2. Finite Temperature Effective Potential 
in (1 + 1) Dimension when V(q>) = 17 <p4 + £ (p6 

Let us now consider the Lagrangian density of 
(1 + 1) dimensional (p6 fields 

(1) 

where mB is the bare mass and q (< 0) and £ are bare 
coupling constants. The corresponding Hamiltonian 
is given by 

H = \ dx jcp2 +1 (Vcp)2 + ^ cp2 - /lB cp* + & 

(2) 
Here xB = — rj > 0. 

The Gaussian effective potential (at finite tempera-
ture) is defined by 

K<?(<p0) = min 
Tr[exp ( - ß H a ) J f ] 

Tr[exp (-ßHa)] 
where 

" ß = j d x [ i 2 <p2 + | ( V < p ) 2 + - | - V 

(3) 

(4) 

and is the Hamiltonian density corresponding to 
the Hamiltonian (2). In general, the classical soliton 
solution corresponding to (2) is given in terms of inverse 
elliptic functions, but for the particular case X2 = 2 £ m2 

the soliton solution is simple and is given by 

Reprint requests to Prof. R. Roychoudhury, Electronics 
Unit, Indian Statistical Institute, 203 Barrackpore Trunk 
Road, Calcutta 700 035, India. 

(p(x) = + 
]/2X 

( l ± t a n h m x ) 1 / 2 . (5) 
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To use the Gaussian variational method we introduce 
the ansatz (in (v + l) dimension) 

The optimum value Q of Q is given by 

<p{x) = (po + 

where 

dv/c 

(2 n Y w k ( Q 2 ) 

wk(Q2) = |/ß2 + k2 . 

[aa(k)e-ikx + at(k)eikx], 

(6) 

(7) 

Both cp0 and Q2 are variational parameters. an and a£ 
are annihilation and creation operators, respectively, 
satisfying the commutation relation 

M * ) , üq (At')] = (27if 2wk(Q)öv(k' — k ) . (8) 

The upperbound of the ground state energy is given 
by the minimum of < O ß | H | O ß > , where H is the 
Hamiltonian density of the system and | O n ) is a nor-
malized Gaussian wave function centered on cp = cp0. 
We write 

VG(cp0,Q(cp0)) = {On\H\Ony (9) 

since H contains term like Vcp, cp2, cp4 etc. their ex-
pectation values have to be calculated to find 
<On\ H \ On}. They can be found using the ansatz (6) 
and the commutation relation (8). Here we just quote 
the results [7]: 

<0\\{cp2 + {Acp)2\0) = I ß - ^ - I 0 , 

<O\cp2\O> = cp2
0 + Iß

0, 

(O\cp*\O> = cpt + 6cp2Iß
0 + 3I2, 

< 0 | cp6 | 0> = q>% + 15(/g cp*+ 31'0 cp2+Ißo), 

where I ß is given by 

d vk 
Ii = K ( ß 2 ) ] ' 

(9 a) 

(9 b) 

(9 c) 

(9d) 

(10) 
(2nY2wk(Q2) 

(Unless otherwise stated, Iß
n is to be understood as 

Iß(Q).) The integral (10) is to be calculated taking 
account of finite temperature after writing it in covari-
ant form. The integral (7) satisfies the relation 

d It 
d Q 

n-= (2n-l)Iß_1(Q), n = 0 , 1 , . . (11) 

Now VG(cp, Q) can be calculated using (6), and after 
some straightforward calculations one obtains 

VG(cp, Q) = l1+\ (m2- Q2) Iß
0 + I m2 cp2 - xB cpt 

-K<Po-6/.b (P2O Ißo- 3A b Iß
0

2 

+ 15 {cpt /g + 4 5 ^ 2 Iß
0

2+\5Ußo 

dVr. 
d Q 

= 0 and 
d 2 F G 

d ß 
> 0 . (13) 

From (9) and (10) we obtain 

Q2 = m2-12 AB(cp2 + Iß
0) +30 Zcp*0 

+ 180^ cpQ Iß+90ZIßo-

Using (12) and (14) we can write 

dVG(cp0) 

(14) 

dcp0 
= cp0[m2- 12 a b / $ + 90Ußo 

+ 4<p 2 ( -A B + 15£/g) + 6 ^ 4 ] , ( 1 5 ) 

where we have used the chain rule like 
d/g _ d/g d£2_ 
dcp0 d ß dcp0 

etc. Also VG is the value of VG when Q = Q. Hence the 
condition for a stationary point of (15) away from the 
origin is cp0 = cp0, where cp0 is given by 

mB — 12 A.b Iß
o + 90Ußo 

+ 4 0 2 ( - A B + 1 5 £ / g ) + 6 £ 0 4 = O. (16) 

When the minimum occurs at cp = 0 there is no sym-
metry breaking, but when the minimum occurs at 
<Po — + 0 then there is symmetry breaking and then 
Ü can be written as (writing Qs for the value at the 
stationary point) 

ß 2 = ß 2 = 8 0 2 ( - A B + 15^ ( / o +F o ) ) + 2 4 ^ 4 , (17) 

where I 0 and P0 are the temperature independent and 
temperature dependent parts of Iß

0, respectively. F0 is 
always finite but / 0 is a divergent integral. To make 
things finite, we adopt the renormaliztion 

(12) 

m2 = m2 - 12 kB /0(mR) + 90 Ul K ) , (18 a) 

AR = A B - 1 5 { / 0 ( W R ) . (18B) 

Then Ü2 can be written as 

ß s
2 = 8 0 2 ( - ; . R + 15^7? + 1 5 ^ / o ) + 2 4 £ 0 4 , (19) 

where cp0 is given by 

ml - 12 AR(7^ + AI0) + 90Z(Fo
2+AI2 + 2AI0 F0) 

+ 4 0 2 ( - ; . r + 15^Po + 1 5 ^ ; o ) + 6 ^ 4 = O (19a) 

and 
AI0 = I0(Ös)-I0(mR). (20) 



781 R. Roychoudhury and M. Sengupta • Gaussian Approach to (1 + 1) Dimensional cp6 Solitons 

AI0 is finite in (1 +1) dimension and is equal to 

n 2 

- I n 471. 

For large T, F0 is given by [8] 

i 7t T 1 , 
— + — In 
M 2 

M \ y 
4 t t T j + 2 + 0 | £ | . (2D 

Beyond a certain temperature, say T = TC, (19) fails to 
give any real value of Qs. For T > T C , the only mini-
mum of VG((p0) occurs at <p0 —0 and the definition of 
Q changes to (writing Q0 for Q at cp0 = 0) 

Q 2 = 
d2VG(<p0,Q) 

(22) 
<P o = 0 d(p2

0 

Then from (14) we get 

Q2=Q2=m2-\2lRF0 + 90Z(F0
2 + AI2+2AI0F0). 

In Fig. 1 we plot Q against temperature for /lR = 0.2 
and £ = 0.02. As can be seen from Fig. 1, there is a 
discontinuity in the plot at T = Tc. For T <TC, Q is 
drawn using (19). But for T > Tc, (19) has no solution 
and Q is drawn using (23). 

3. Regularization of VG (<p0, ß ) 

To see what happens in VG((p0,Q) for T <TC to 
T > T C , we first regularize FG(<p0, Q) using the nor-
malization given in (18). After some straightforward 
calculations we obtain 

_ _ _ Q 2 - m 2 

VG(cp0,Q) = 
ml In x 

R + 7 ? 
871 8 t t 

+ \(M2-Q2)(F0 + AI0) 

+ \(PL(M2-12ArF0-\21r AI+ 90£ AI2 

+ 9 0 £ P o
2 + 1 8 0 £ 7 ^ / o ) 

+ cpt(-lR + \5Z(F0 + AI0)) (24) 

+ £ (Pq — 3Xr(F0 + AI0)2 +15£(7^ + AI0)3 + D, 

where we have used 

/ i ( ß ) - / i K ) 

= H Q 2 - m 2 ) I 0 ( m R ) - m 2 
(x In x —x + 1 ) 

8 n 

I0(Q)-I0(mR) = — 
In x 
4 7 1 

, (25) 

(26) 

Fig. 1. Plot of mass gap. 

T > T c 

Fig. 2. Plot of VG(q>) for different temperatures. 

x being Q2/mR and D the divergent constant in VG. 
Writing (<p0, Q) = VG(<p0, Q)-D, we see that is 
now free of divergent terms (note that our normaliza-
tion is different from that of Su et al. [2, 3], who have 
neglected the contribution of the terms given in (25) 
and (26)). In Fig. 2, is plotted against (p0 for differ-
ent temperatures. It is clear that for T < Tc, FQ has a 
minimum at (p0 + 0 but for T ^ Tc the minimum shifts 
to (po = 0. In Fig. 3, F^ i s plotted for the particular 
case ÄR = 2 £ ml (taking AR = 0.19). The structure of the 
two potentials is similar between T = 0 and T = 0.2, 
but at T = 0.2 the absolute minimum occurs at cp0 = 0. 
The false vacua exist at T = 0.2 but gradually dis-
appear as the temperature increases. 

4. Discussion and Conclusions 

In this paper we have studied soliton solutions in 
(p6 field theory using the Gaussian effective potential 
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Fig. 3. Plot of Vgicp) with 

approach. To the best of our knowledge the mass gap 
equation cp6 scalar theory was presented here for the 
first time using this approach. We have studied V* 
both for the case a2 = 2 i;m2 and / 2 + 2 £ m 2 . Our 
results differ from these of Su et al. [3] because they 
have neglected the contribution of the kinetic term 
which explains the absence of the 7f term in their 
expression. Their normalization procedure is also not 
rigorous. To compare our results with those of Su et 
al., we consider the static soliton solution. For the 
static soliton solution consider the equation 

dx 2 

dvl 
d(p0 

(27) 

From (24) it can be seen that even in the absence of 
temperature the above equation is transcendental due 

to the presence of AI0 terms in 70 and This is in 
contrast with the result of Su et al., who obtained an 
algebraic equation for the soliton. In the ultra rela-
tivistic case, however, AI0 can be neglected and (27) 
can be formally integrated to obtain 

d (p 

]/2(E+Um) 
— X + -Xq , (28) 

where Ue{( is obtained from Fj((p0). This equation, in 
the context of classical mechanics systems, follows 
from the energy conservation law. The E = 0 case gives 
a kink solution. Again, in the ultra relativistic case Uc{{ 

can be written as (neglecting terms independent of <p0) 

M 2 

^eff(^o) = -r- <Po - I <Po + Z<Po > 

where 

and 
MT = m* - 12 ARF0 + 90 £ F0 

at=Ar-15^F0. 

(29) 

(30 a) 

(30 b) 

Hence only in the ultra relativistic case our result will 
agree with that of Su et al. (compare (29) and (30) with 
(4.1) to (4.3) of [3]). But in general PG

F(<p0) would be a 
transcendental function of <pc, and the soliton solution 
can only be investigated by numerical analysis. 
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